Effective world-brane actions for solitons of ten-dimensional type IIA and IIB superstring theory are derived using the formulation of solitons as Dirichlet branes. The one-brane actions are used to recover predictions of SL(2, Z) strong-weak coupling duality. The two-brane action, which contains a hidden eleventh target space coordinate, is used to derive the membrane action of "M-theory". This yields the standard supermembrame action. * schmidhu@puhep1.princeton.edu on leave of absence from the Institute for Theoretical Physics, University of Bern, Switzerland.
Introduction
Over the last year a large amount of evidence has accumulated in support of the conjectured strong-weak coupling duality of superstring theory (see, e.g., [1, 2, 3, 4, 5, 6, 7] ). According to this conjecture, string theory has a large group of discrete symmetries that exchange elementary strings with solitons and flip the sign of the dilaton, thereby transforming strongly coupled vacua into weakly coupled vacua and vice versa. A particularly interesting subgroup of the conjectured duality group is the SL(2, Z) symmetry group of type IIB string theory in ten dimensions. In this case there is an infinite set of solitonic strings which are expected to play the role of elementary strings in the corresponding strong-coupling expansions of the theory [7] .
Strong-weak coupling duality is a familiar phenomenon in statistical mechanics where it is often useful in extracting information about simple systems like the two-dimensional Ising model. One may hope that duality will be equally helpful in extracting information about nonperturbative aspects of string theory. A promising step is the recent formulation of some superstring solitons as "Dirichlet branes" [8] . In principle, this should make it possible to directly construct the various strong-coupling expansions of string theory using standard methods of conformal field theory on Riemann surfaces with boundaries.
Here this is discussed to lowest order in the string coupling constant. In particular, the effective world-sheet actions of the SL(2, Z) multiplet of solitonic strings of the type IIB theory are derived from Dirichlet branes and are shown to precisely coincide with the predictions of duality. This requires integrating out an auxiliary gauge field that lives on the D-brane. The method can also be used to discuss other solitonic p-branes that become massless in the strong coupling limit. As an example, the two-brane of the ten-dimensional type IIA theory is discussed which has a hidden eleventh embedding dimension and can be thought of as the membrane of the compactified so-called "M-theory". 1 The world-brane action is demonstrated to be the standard eleven-dimensional supermembrane action [10] . 2 1 M-theory has been suggested as a kind of master theory which contains eleven-dimensional supermembranes and from which many of the string dualities can be derived [7, 9] . 2 The reverse, namely deriving the two-brane action from the supermembrane action, has recently been suggested in [11] .
How to use D-branes to compute effective world-brane actions for general p-brane solitons in flat ten-dimensional Minkowski space is briefly explained in section 2. This direct extension of the calculation of the one-loop effective action of the type I string [12] relies on previous work [13, 14, 15] and reproduces and generalizes results obtained with different methods in [16, 17] . We focus on the bosonic part of the action (the fermionic part is determined by supersymmetry). The one-branes (soliton strings) are discussed in section 3 and the two-branes are discussed in section 4. Section 5 contains conclusions and summarizes open ends. We plan to give a more exhaustive discussion of the actions of solitonic p-branes in the future.
While this work was being completed, discussions with partial overlap appeared [18, 11] .
World-brane actions as string loop corrections
In this section, some facts about D-branes, type II strings and boundary states are briefly reviewed and assembled to yield world-brane actions of p-brane solitons.
To study superstring solitons in conformal field theory, one adds a boundary ∂Σ to the world-sheet Σ of a type II string. One assumes that p + 1 coordinates x α with α ∈ {0, ..., p} obey Neumann boundary conditions, while 9 − p coordinates x i with i ∈ {p + 1, ..., 9}
obey Dirichlet boundary conditions. Thus the boundary is restricted to lie inside a (p + 1)-dimensional submanifold of the target space, the "Dirichlet brane" or "D-brane" [19] .
Conformal invariance of the boundary theory requires the D-brane to obey certain equations of motion [16] .
The massless field of the boundary theory is a U(1) super Yang-Mills target space field.
The bosonic parts of the corresponding vertex operators are
where ∂ σ and ∂ τ denote the derivatives normal and tangential to the world-sheet boundary, respectively. As explained in [19, 16] , the first type of operator corresponds to transverse excitations of the D-brane. Those will be ignored in the following, since they can always be absorbed in position and shape of the D-brane.
The second type of operator corresponds to an internal gauge field that lives on the D-brane. It can be regarded as an auxiliary field needed to insure gauge invariance of the Neveu-Schwarz antisymmetric tensor field B αβ , pulled back onto the D-brane: under a gauge
, the change of the world-sheet action is
which amounts to a transformation of the boundary gauge field,
The modified field strength of the boundary gauge field A µ ,
is then the gauge invariant quantity that will appear in the effective world-brane action. The path integral over A can be thought of as an integral over the gauge group of B.
The D-brane describes a soliton solution of string theory in the sense that it is a source for the closed string fields, which obey the standard closed string equations of motion outside the D-brane. As explained in [8] , adding the boundary to the world-sheet breaks half of the supersymmetry of the type IIB theory, which implies that the D-brane corresponds to a BPS-saturated soliton state. Its classical tension formula T ∼ 1 κ [19] can then be trusted even for strong coupling. This implies that the mass per unit volume of the brane goes to zero in the strong coupling limit.
Note that while the D-brane is a classical object in target space if only one Dirichlet boundary is considered, the D-brane becomes a quantum mechanical object if we sum over arbitrary numbers of world-sheet boundaries. This is the open-string version of the familiar fact that summing over world-sheet topologies turns the target space fields into quantum operators. In this case, the target space fields are the fields (2.1): the (transverse) coordinates of the D-brane and the internal gauge field.
What is meant in the following by the "effective world-brane action of the D-brane" is simply the one-loop correction to the effective action of type II string theory that arises from adding a Dirichlet boundary to the string world-sheet. This loop correction is an integral over the p-brane that arises as a variant of the well-known Fischler-Susskind effect [20] : in the limit where the Dirichlet boundary becomes very small, the world-sheet can be conformally mapped onto a disk connected to a two-sphere by a long thin tube whose length L is a modulus that must be integrated over ( fig. 1 ). This integral is logarithmically divergent due to massless closed string states |Φ i > propagating through the tube. Those states can be thought of as the components of a "boundary state"
that is created by the boundary. In the standard fashion, the divergences imply contributions proportional to c i to the beta functions β i of the world-sheet theory. 3 Since the boundary is confined to the D-brane, the corresponding divergences and contributions to the beta functions are (p + 1)-dimensional integrals over the D-brane, rather than integrals over all of target space. 
where δ(Σ p ) denotes the restriction to the p-brane Σ p . These loop-corrected equations of motion are solved by weighing the D-brane with the exponential of a loop-corrected action
The components |Φ i > of the boundary state come from both the Neveu-Schwarz-Neveu-Schwarz (NS-NS) and the Ramond-Ramond (RR) sectors. In the type II string, the massless fields of the NS-NS sector are the metric g µν , the two-form B µν and the dilaton φ. The massless fields of the RR sector are q-forms A q with duals * A q ∼ A 8−q , where q ∈ {0, 2, 4, 6, 8, 10}
for the type IIB string and q ∈ {1, 3, 5, 7, 9} for the type IIA string. A 9 and A 10 have no propagating degrees of freedom.
Let us first recall a few relevant facts about type II strings. The classical low-energy effective string action is 4 (setting α ′ = 1):
is the field strength of B and the field strengths F k are defined as
etc. 5 These definitions will have to be modified below, when loop corrections are taken into account. As they are now, they lead to the Bianchi identities
etc. The potentials are defined here such that the gauge transformations are "natural":
would add the familiar factor e −2φ to the RR part of the effective action but make the transformation law φ-dependent [4] .
The beta functions of the two-dimensional sigma model are the standard beta functions for the NS-NS fields,
etc., and β Aq ∼ d · F q+1 + ... 4 No action can be written for F 5 = 0.
5 For k > 2, the definition of F k contains H-dependent terms that will not be important here.
for the RR fields, where d · F denotes ∇ µ F µµ ′ ... .
Let us now symbolically write the boundary state that is created by a Dirichlet boundary of a type II string world-sheet as
Here the notation is somewhat sloppy but sufficient for our purposes: |A q > denotes the state that is created by the corresponding RR vertex operator (which in fact depends only on the field strength of A q ); see [12, 14] for details. |B > in the presence of the boundary gauge field A α has been discussed in [14, 15] . The analysis is valid for slowly varying field strengths F as defined above 6 and follows that for the type I string [12] .
In the NS-NS sector, the graviton, B-field and dilaton components of the boundary state correspond to the symmetric part, antisymmetric part and the trace of a (p + 1) by (p + 1) matrix that "rotates" the left-and right-moving components of the F = 0 boundary state relative to each other (G denotes the induced metric on the D-brane; one expands around
The action in (2.2) then becomes
This is the Dirac-Born-Infeld action first derived for bosonic D-branes in [16] (and for open strings in [21] ).
The massless RR part of the boundary state is a linear combination of the states that are obtained by acting with the anticommuting fermionic zero modes θ µ 0 = ψ µ 0 +ψ µ 0 of the RR sector on the RR ground state |0 > (we omit the ghosts for simplicity of notation and now also convert to the formalism where A q is rescaled by the factor e φ ) 7 :
(2.9) 6 There are corrections to the following formulas of order (∇ 2 F ) 2 . 7 One could also use a dual notation, where an n-form corresponds to θ µ1 0 ...θ µn 0 |0 >.
Here, the state |A 8−q >≡ | * A q > is the dual of the state |A q >. The dual states in |B > (with q ∈ {4, 5, 6, 7, 8}) modify the Bianchi identities to
(plus H-dependent terms). This is analogous to the fact that in Maxwell theory the Bianchi identity d ∧ F = 0 is not globally valid in the presence of a magnetic monopole: d ∧ F has delta-function support at the location of the monopole. In the case at hand, the (8−p)-brane is a source of F p magnetic charge.
For F = 0, the boundary state is [8] |B
This is just the statement that the p-brane carries the corresponding p-form charge (the sign ambiguity corresponds to D-branes versus anti-D-branes [14] ). Turning on F rotates the RR boundary state simultaneously with its NS-NS counterpart in (2.7) because of supersymmetry. The spinor-spinor analog of the "rotation operator" in (2.7) acts as [12] :
This expansion in θ terminates when the number of θ 0 's acting on |B > F =0 reaches p + 1.
From (2.9,2.10,2.12) the coefficints c i of the boundary state can now be simply read off. 8 The states |A q > with q ∈ {0, 1, 2, 3, 4} modify the equations of motion, yielding the world-brane action (see ( 
Let us illustrate this at the examples p = 1 and p = 2. For the one-brane of the type IIB theory one has α, β ∈ {0, 1}. The RR part of the boundary state is
. 8 To compare with the type I string, type I string loop corrections are obtained by setting p = 9, changing the gauge group to SO(32) and dropping odd powers of F which is equal to F since there is no NS-NS B-field. The F -independent part of the boundary state is then cancelled by an opposite contribution from the crosscap (in our case there is no crosscap since type II strings are oriented).
This yields the effective action (with
For the two-brane of the type IIA theory, one has α, β ∈ {0, 1, 2}. The RR part of the boundary state is
This yields the effective action
These cases will be discussed in detail in the next sections.
One-branes
For the solitonic strings of the type IIB theory, (2.8) and (2.13) combined yield the effective world-sheet action (in Minkowski space; we adopt the more common notation B ≡
Here we have included a factor n to describe the bound state of n soliton strings. 9 By comparison, the standard Nambu-Goto action of an elementary string with tensionT in an NS-NS two-form backgroundB (1) is
If we want to interpret the soliton string as an elementary string, we must integrate out the auxiliary gauge field A that enters through F in (3.1). If duality is correct, then this should yield an action of the form (3.2), with modified background fields such as "seen" by the soliton string.
A will be integrated out here in a way that can later be generalized to higher p-branes.
First, the Born-Infeld part of (3.1) is rewritten with the help of an auxiliary scalar field t:
Indeed, since t does not propagate it can be integrated out by replacing it in the action (3.4) by its saddle point value which is determined by
After some straightforward algebra this yields (3.3). 10 The complete action (3.1)+(3.4) is then
The gauge field A α in F αβ now acts as a Lagrange multiplier that enforces the constraint
If the coordinate x 1 is compactified on a circle, m is an integer [13] . Integrating out A α , substituting for t and writing κ = e φ now yields the world-sheet action
This is indeed of the form (3.2) with the dual tension and B-field given bỹ
B (1) = mB (1) + nB (2) .
These are precisely the predictions of SL(2, Z) duality [7] : there is an infinite set of soliton strings with charges (m, n) with respect to the NS-NS and RR two-forms B (1) and B (2) ((1, 0) is the elementary string) and with tensions (3.7). Each of these soliton strings gives rise to a string perturbation expansion. Indeed, as mentioned in section 2, allowing for an arbitrary 10 It is helpful to use a diffeomorphism to set G = ( −g g ) and to define F = ( −f f ) such that − det(G+F ) = g 2 − f 2 , and to once square (3.5) and once multiply (3.5) by t.
number of Dirichlet boundaries on the world-sheet will turn the positions A i of the soliton string into quantum variables. So the path integral over Riemann surfaces with (Dirichlet) boundaries implicitly contains a path integral over soliton strings.
The effective world-sheet actions (3.6) have been derived only to lowest order in κ. A priori, it is not clear that that they can be taken seriously at higher orders in κ. Remarkably, if duality is correct then those actions must in fact be exact. In particular, the dual dilatonφ (whose expectation value is the dual string coupling constant) determines how soliton strings of higher genus are weighted.φ can be obtained by absorbingT in (3.2) in a dual metricG and by noting that the dual Einstein metricG E µν =G µν e −φ 2 must remain unchanged, since it is defined to be ∼ η µν + h µν :
It then follows fromG =T G that the dilaton transforms as
has been defined. This again agrees with the duality prediction [7] which can be seen to be in this case
.
In particular, for m = 0, χ = 0 the string coupling constant is inverted:
Duality makes predictions not only for the dual NS-NS backgroundsB (1) ,G,φ but also for the dual RR backgroundsB (2) ,χ. E.g., for B (2) = 0, m = 0:
It would be very interesting (but is left for future work) to derive the dual RR backgrounds directly from D-branes. Perhaps this can teach us a simple way to represent RR backgrounds on the string world-sheet.
Two-branes
As another example, let us consider the two-brane of the type IIA theory. What makes this two-brane particularly interesting is its relation to the membrane of M-theory (the "Mbrane" [11] ). 11 After compactification on a circle from eleven to ten dimensions, M-branes that are not wrapped around the circle are supposed to become the RR-charged two-branes of type IIA string theory. This will now be used to derive the M-brane action from Dirichlet two-branes. 12 The combined effective type IIA two-brane action (2.8)+(2.14) is
Here, α, β ∈ {0, 1, 2}, and A (1) α has been renamed C α to avoid confusion with the boundary gauge field A α . As before, A α will be regarded as an auxiliary gauge field that can be integrated out. This will be seen to produce an eleventh embedding dimension and a membrane action that posesses eleven-dimensional general covariance, namely the standard eleven-dimensional supermembrane action [10] ! In analogy with the last section, let us rewrite the Born-Infeld action with the help of an auxiliary vector field t α (see also [11] ):
To see that (4.2) and (4.3) are equivalent, one first notes that 13
Here and below, the metric G is used to raise and lower indices. The nonpropagating field t α in (4.3) is integrated out by replacing it with its saddle point value. The saddle point 11 M-theory is the hypothetical strong-coupling limit of type IIA string theory whose low-energy limit is eleven-dimensional supergravity [13] . Among other objects, M-theory must contain supermembranes. 12 The reverse has already been suggested in [11] : assuming that the M-brane action is the standard supermembrane action one can derive the D-brane action. This has been demonstrated in [11] for part of the action in the limit where the Born-Infeld action can be approximated by a Yang-Mills action.
equation is
After once squaring (4.6) and once multiplying (4.6) with t α , and by using (4.4,4.5) , it is indeed straightforward to see that the saddle point value of the action in (4.3) is the action in (4.2).
The complete action (4.1)+(4.3) is
As in the case of one-branes, the boundary gauge field A in F βγ = ∂ [β A γ] now acts as a Lagrange multiplier. Integrating it out enforces the constraint
This allows one to write
with a scalar field y. Substituting for t α in (4.7) and pulling the factor e −φ under the square root finally yields the world-brane action
The induced background fields can be written as
One sees that y acts as an additional target space coordinate and that the type IIA target space fields combine into the metricĜ and the three-formÂ (3) of eleven-dimensional supergravity as usual: that if the boundary surface lies on a 9-brane, an E 8 gauge theory appears on the 9-brane [9] . There does not seem to be an obvious candidate for this E 8 gauge theory. However, it seems that a Kalb-Ramond field must live on the 9-brane: M-theory has a gauge field C µνσ with gauge invariance
If the M-brane M has a Dirichlet boundary, then gauge invariance is violated by a surface term:
To recover gauge invariance, a gauge field A µν with transformation law δA = −δΛ, ∂M A µν ǫ αβ ∂ α x µ ∂ β x ν , must be introduced on the boundary surface. Of course, along with A µν one could introduce a complete set of string fields on the boundary surface of the M-brane. Clarification of these issues is left for future work.
Conclusions
To summarize, effective actions for superstring solitons can be derived from Dirichlet branes.
Our results were obtained after integrating out the auxiliary boundary gauge field that 14 E.g., an optimist might have hoped to find that M-theory is a topological field theory.
appears in the formalism. In the case of the one-branes of the type IIB theory, this can be used to explicitly construct dual perturbation expansions of string theory with elementary strings replaced by solitons, thus further confirming strong-weak coupling duality. In the case of the two-branes of the type IIA theory, one finds that there is a hidden eleventh target space coordinate and that the two-brane action, which is also the M-brane action, is the Green-Schwarz-Townsend supermembrane action. Considering Dirichlet two-branes with boundaries might contribute to a better understanding of M-theory.
The effective world-brane actions are easily extended to higher branes -the 3-,5-,7-and 9-branes of the type IIB theory and the 4-,6-and 8-branes of the type IIA theory. Of course one does not know how to make sense of these branes quantum mechanically; if one introduces, say, a four-dimensional dynamical metric as a step towards quantizing threebranes, one meets the old problem that four-dimensional gravity with only second-order derivative terms in the action is not (at least perturbatively) renormalizable. Fourth-order derivative gravity can be renormalizable but not unitary -there are negative norm states on the three-brane, if its signature is chosen to be Minkowkian. Perhaps further study of D-branes can suggest a way out.
